Abstract. In this paper it is shown that Zg 2 and Z g 2 cannot both be simultaneously finite if the twisted Gabor frame generated by g ∈ L 2 (C) forms an orthonormal basis or an exact frame for L 2 (C). The operators Z = on C, where ∆z is the standard Laplacian on C and z = x + iy. Also the amalgam version of BLT is proved using Weyl transform and the distinction between BLT and amalgam BLT is illustrated by examples. The twisted Zak transform is introduced and using it several versions of the Balian-Low type theorems on L 2 (C) are established.
Introduction
The Balian-Low theorem (BLT) is one of the fundamental and interesting result in timefrequency analysis. It says that a function g ∈ L 2 (R) generating Gabor Riesz basis cannot be localized in both time and frequency domains. Precisely if g ∈ L 2 (R) and if a Gabor system G(g, a, b) := {e 2πimbt g(t − na)} m,n∈Z with ab = 1 forms an orthonormal basis for L 2 (R), then g(t)e −2πiγt dt. This result was originally stated by Balian [3] and independently by Low in [20] . The proofs given by Balian and Low each contained a technical gap, which was filled by Coifman et al. [9] and extended the BLT to the case of Riesz bases. Battle [4] provided an elegant and entirely new proof based on the operator theory associated with the classical uncertainty principle.
For general Balian-Low type results, historical comments and variations of BLT we refer to [7, 10] .
The Balian-Low type results are proved for multi-window Gabor systems by Zibulski and Zeevi [30] and for superframes by Balan [2] . The BLT and its variations for symplectic lattices in higher dimensions (see [11, 15] ), for the symplectic form on R 2d (see [5] ) and on locally compact abelian groups (see [13] ) are obtained in the literature. For further results on BLT we refer to [1, 6, 12, 16, 21, 22] and [29] . In this paper we establish the BLT and some of its variations on L 2 (C) using the operators Z andZ associated with the special Hermite operator L on C. The Weyl transform and the twisted convolution closely related to the Fourier transform on the Heisenberg group and play a significant role in proving our main results. Therefore we review the representation theory on the Heisenberg group to see various objects of interest arising from it.
One of the simple and natural example of non-abelian, non-compact groups is the famous
Heisenberg group H, which plays an important role in several branches of mathematics. The
Heisenberg group H is a unimodular nilpotent Lie group whose underlying manifold is C × R and the group operation is defined by (z, t) · (w, s) = (z + w, t + s + 1 2 Im(zw)).
The Haar measure on H is given by dzdt.
By Stone-von Neumann theorem, the only infinite dimensional unitary irreducible representations (up to unitary equivalence) are given by π λ , λ ∈ R \ {0}, where π λ is defined by π λ (z, t)ϕ(ξ) = e 4πiλt e 4πiλ(xξ+ where z = x + iy and ϕ ∈ L 2 (R).
The group Fourier transform of f ∈ L 1 (H) is defined aŝ f (λ) = H f (z, t)π λ (z, t)dzdt, λ ∈ R \ {0}.
Note that for each λ ∈ R \ {0},f (λ) is a bounded linear operator on L 2 (R). Under the operation "group convolution" L 1 (H) turns out to be a non-commutative Banach algebra. g ∈ L 1 (C) and writing π(z) in place of π 1 (z) we have
For f, g ∈ L 1 (C), the twisted convolution is defined by
the Weyl transform of f can be explicitly written as
which maps L 1 (C) into the space of bounded operators on L 2 (R), denoted by B. The Weyl transform W (f ) is an integral operator with kernel
, the space of all Hilbert-Schmidt operators on L 2 (R) and satisfies the Plancherel formula
In general, for f, g ∈ L 2 (C), we have
The inversion formula for Weyl transform is
where π(z) * is the adjoint of π(z) and tr is the usual trace on B. For detailed study on Weyl transform we refer to the text of Thangavelu [27, 28] .
Let H k denote the Hermite polynomial on R, defined by
and h k denote the normalized Hermite functions on R defined by
dx +x denote the creation and annihilation operators in quantum mechanics respectively. The Hermite operator H is defined as
The Hermite functions {h k } are the eigenfunctions of the operator H with eigenvalues 2k + 1, k = 0, 1, 2 · · · . Using the Hermite functions, the special Hermite functions on C are defined as follows:
where z = x + iy ∈ C and m, n = 0, 1, 2 · · · . The functions {φ m,n : m, n = 0, 1, 2 · · · } form an orthonormal basis for L 2 (C). The special Hermite functions are the eigenfunctions of a second order elliptic operator L on C. To define this operator L we need to define the operators Z andZ as follows:
The functions φ m,n are eigenfunctions of the special Hermite operator
with eigenvalues (2n + 1), where ∆ z denotes the Laplacian on C. We list out some of the properties (see [27, 28] ) of the operators Z andZ in the following proposition, which will be useful at several places. 
Our goal in this paper is to obtain the Balian-Low type Theorem (BLT) and its variations on L 2 (C). The motivation to prove the BLT on L 2 (C) arises from the classical Heisenberg's uncertainty principle on L 2 (R). Let P and M be the position and the momentum operators defined by
on a suitable domain.
Observe that the Laplacian L 0 on R can be written as Heigenberg's uncertainty inequality for L 2 (C).
In view of the above facts we obtain the following BLT for exact frames on L 2 (C).
Using Plancherel formula for Weyl transform we have
This expression is analogous to the conclusion of the classical BLT. 
A frame {f k } is exact if it ceases to be a frame when any single element f n is deleted, that is, {f k } k =n is not a frame for any n. For any frame {f k } there will exist a dual frame {f k }, so that for all f ∈ H, have a series representation given by The concept of a Riesz basis and an exact frame for a frame sequence on a separable Hilbert space coincides.
Gabor frames and density. For
a, b > 0, g ∈ L 2 (R d ) and n, k ∈ Z d define M bn g(x) := e 2πibnx g(x) and T ak g(x) := g(x − ak). The collection of functions G(g, a, b) = {M bn T bk g : k, n ∈ Z d } in L 2 (R d ),
is called a Gabor frame or a Weyl-Heisenberg frame if there exist
constants A, B > 0 such that
The associated frame operator called the Gabor frame operator has the form
One of the important and interesting concept in frame theory is to obtain the necessary condition on the lattice parameters a, b so that the Gabor system G(g, a, b) constitute a frame.
The algebraic structure of the lattice Λ = {(ak, bn) : k, n ∈ Z d } has been exploited to derive the necessary condition for a Gabor system G(g, a, b) to be complete, a frame or an exact frame in terms of the product ab. The following results are known for Gabor frames in one dimension case (d = 1) with a rectangular lattice Λ = aZ × bZ. In [26] , Rieffel proved that the Gabor system G(g, a, b) is incomplete for any g if ab > 1. Daubechies [9] proved Rieffel's result for the case when ab is rational and exceeds one. Assuming further decay on g andĝ
and the lattice Λ ⊂ R 2d , Ramanathan and Steger [25] proved the incompleteness of Gabor systems that are uniformly discrete (i.e. there is a minimum distance δ between elements of Λ) in terms of the Beurling density defined as follows:
Let Λ ⊂ R d be a uniformly discrete. Let B be the ball of volume one in R d centered at origin. For each r > 0, ν + (r) and ν − (r) denote the maximum and minimum number of points of Λ that lie in any translate of rB i.e. ν + (r) = max
and ν − (r) are finite for every r > 0. The upper and lower densities are defined by
In [18] , Landau shown that these quantities are independent of the particular choice of the set B with measure 1. If
Ramanathan and Steger [25] proved the following result.
, and Λ ⊂ R 2d be a uniformly discrete set.
By the density theorem, there is a clear separation between overcomplete frames and undercomplete Riesz sequences with Riesz bases corresponding to the critical density lattices that satisfy D(Λ) = 1. The classical BLT [7] on L 2 (R) says that the window g of any Gabor
Riesz basis G(g, a, b) must either not be smooth or must decay poorly at infinity.
Twisted Zak transform and Amalgam BLT
For a = b = 1 the properties of twisted translation are listed below (see [23] ).
(
is called a twisted Gabor frame or a twisted Weyl-Heisenberg frame if
there exist constants A, B > 0 such that
Then one can define the twisted Gabor tight frames, Riesz basis and the frame operator analogously. It is natural to ask about the density result as in Theorem 2.3 for twisted
Gabor frames. For a, b > 0 and g ∈ L 2 (C), the sequence {T
, where
is incomplete in L 2 (C). Therefore without loss of generality we consider the case when a = b = 1 throughout the paper. Now we define the twisted Zak transform which will be an important tool to prove our main results.
3.1. Twisted Zak transform. The Zak transform Zf on L 2 (R) is formally defined by
where 1 is the constant function 1. Since we are interested to obtain the BLT for twisted Gabor frames we define the twisted Zak transform with a slight modification in the following way.
wherek is the complex conjugate of k and Im(wk) is the imaginary part of wk.
Clearly Z t f is well-defined for continuous functions with compact support and converges
The idea of the proof is similar to the Zak transform on L 2 (R) as in [8] .
The unitary nature of twisted Zak transform allows to transfer certain conditions on frames for L 2 (C) into conditions on L 2 (Q × Q). More precisely, {f k } is complete or a frame or an exact frame or an orthonormal basis for L 2 (C) if and only if the same is true for
As in case of Zak transform on L 2 (R) we obtain the similar properties of twisted Zak transform on L 2 (C) in the following lemma. However, our main results are still valid if Zak 
C) with frame bounds A, B if and only if
Proof. The proof of the lemma follows similarly as in the Zak transform for L 2 (R) (see [7, 8, 14] or [17] ). We only prove part (viii). Assume that Z t f (z, w) = 0 for all (z, w) ∈ C 2 .
Since Z t f is continuous on a simply connected domain C 2 , there is a continuous function
By part (i), we have
Therefore for each z and w there are integers l z and k w such that ϕ(z, 1) = ϕ(z, i) + 2πl z and ϕ(i, w) = ϕ(0, w) + 2πk w − 2πr. Since ϕ(z, 1) − ϕ(z, i) and ϕ(i, w) − ϕ(0, w) + 2πr
are continuous functions of z and w respectively, so l z = l (say) and k w = k (say), for all z, w ∈ C. Therefore,
contradicting our assumption. 
with the obvious modification for q = ∞.
terms of W (C 0 , ℓ 1 ) and a subspace of B 2 is obtained in the following theorem.
where W = {T ∈ B 2 : h(z) = tr(π(z) * T ) and h ∈ W (C 0 , ℓ 1 )}.
Proof. Suppose that g ∈ W (C 0 , ℓ 
otherwise.
Let z = x + iy, and define g : C → R by
Then clearly g ∈ W (C 0 , ℓ 1 ). Further,
Clearly W (g) ∈ B 2 . From the inversion formula for Weyl transform it follows that W (g) ∈ W.
Next we show that Z g 2 = ∞. Consider
Note that for each m, n ∈ N and (x, y) ∈ (m, m + 1) × (n, n + 1), the integrand
Clearly the function g =
′ is the classical derivative of g, defined except at countably many points.
Again if W (f ) ∈ W then the inversion formula for Weyl transform gives f ∈ W (C 0 , ℓ 1 ), which is a contradiction.
Now we investigate the relationships between the operators Z,Z and the continuity of twisted Zak transform. A version of BLT assuming the Wiener amalgam condition is obtained in the following theorem:
Proof. Given that g is continuous and hence Fundamental theorem of calculus for complex variables and ML-inequality can be applied. Now we claim that g ∈ W (C 0 , ℓ 2 ). To prove the claim it is sufficient to show over small cubes of length r < 1. We start with the following lemma.
Proof. (i) Choose a smallest positive integer N ǫ such that
Applying mean value theorem on the Schwartz class function φ on R we have
for some θ ∈ (0, 1). Writing 2ξφ(ξ) = (A + A * )φ(ξ) and 2φ
Therefore by (i) we get
(iii) From (i) and (ii) we get
We use the following notation to estimate the upper bound for the oscillation of the twisted Zak transform over small cubes. Let x = (t, w) ∈ R 2 and r > 0. Then Q(x; r) is the square centered at x with radius r, i.e.
Q(x; r)
Thus the square Q = [0, 1) × [0, 1) can be represented as Q( 
and
where T t ǫ,j G(z, w) is the twisted translation of G in the jth variable for j = 1, 2.
Proof. Notice that T t ǫ,1 G(z, w) = e 2πiIm(zǫ) Z t (τ ǫ f )(z, w). Then by using the fact that the
by Lemma 4.1 (ii). Observe that
Applying Cauchy-Schwartz inequality in the left hand side of (4.1) and (4.2) the proof follows immediately, where
Further, using the fact that f.χ Q(z0,r) 2 → 0 as r → 0, we have lim Assume that both Zg andZg ∈ L 2 (C). We will show our assumption together with (4.3) leads to a contradiction in the following three steps.
Step 1: (Construction of an continuous averaged function G r (z, w) that approximating
Then G r satisfies the following properties:
Using (4.3) we have
where ∆ is the symmetric difference operator and
(ii) G r (z+1, w) = e 2πiIm(w) G r (z, w)+ψ 3,r (z, w) and G r (z+i, w) = e −2πiIm(iw) G r (z, w)+ ψ 4,r (z, w), where |ψ j,r (z, w)| ≤ 2πB 1/2 r, j = 1, 2, 3, 4.
where
Similarly we can obtain the other identities with |ψ j,r (z, w)| ≤ 2πB 1/2 r, j = 2, 3, 4.
(c) Fix (z, w), (z ′ , w ′ ) ∈ C 2 and using (a) one has
In particular for fixed (z, w) ∈ [0, 1) 4 , c < 1 and (z, w) ∈ Q[z ′ , w ′ ; cr] we have
Step 2: For any (z 0 , w 0 ) ∈ [0, 1) 4 , c < 1 and r < 1 we have 
Using Corollary 4.3 and the fact that |z
Putting C(r) = C 1,g (r) + C 2,g (r) we get (4.6). Then the inequality (4.5) can be obtained by (4.4) and applying Cauchy-Schwartz inequality in the last term of the above calculation.
Step 3: Claim: inf Here after let us denote T t (m,n) g as g m,n for simplicity. Proof. Assume that Zg, Zg,Zg,Zg ∈ L 2 (C). Since {g m,n } is a twisted Gabor frame for Remark 5.3. If the twisted Gabor frame {g m,n } forms an orthonormal basis then g =g and the above theorem is precisely analogue of Battle's proof of BLT in [4] . The BLT will follow from the weak BLT ifZg ∈ L 2 (C) ⇔ Zg ∈ L 2 (C) and Zg ∈ L 2 (C) ⇔Zg ∈ L 2 (C).
However we show that the BLT and the weak BLT are actually equivalent. Since {g m,n } is complete in L 2 (C) and h,g ∈ L 2 (C), it follows that h =g.
Theorem 5.5. If g ∈ L 2 (C) and {g m,n } is an exact twisted Gabor frame for L 2 (C), then Zg ∈ L 2 (C) ⇔ Zg ∈ L 2 (C) and Zg ∈ L 2 (C) ⇔Zg ∈ L 2 (C).
